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Bracket with Graded Lattices
built by Additive Manufacturing

Cheng et al. 2017, 2018

https://www.ansys.com/blog/inspections-additive-
manufactured-parts-ct-scanning-simulation

Homogenization Method
Topology Optimization

Bendsøe & Kikuchi, 1988

Separation of Scales
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Cheng et al. CMAME 2019
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𝐊(𝜌)
Stiffness Matrix

Wu, Xia et al. CMAME 2019



6
华中科技大学 / Huazhong University of Science and Technology

Proper Orthogonal Decomposition (POD)
Interpolation of POD Projection Coefficients

𝐊bb 𝐊bi

𝐊ib 𝐊ii

𝐔b

𝐔i
=

𝐅b
𝐅i

𝐊rd = 𝐊bb − 𝐊bi𝐊ii
−1𝐊ib

𝐊rd 𝜌 ≈ ෤𝛼1 𝜌 𝜙1 + ෤𝛼2 𝜌 𝜙2 +⋯+ ෤𝛼𝑚 𝜌 [𝜙𝑚]

𝐊rd(𝜌)

Super-element
stiffness matrices

Wu, Xia et al. CMAME 2019
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𝑥𝑖𝑗 = 0 or 1 , σ𝑗=1
𝑀 𝑥𝑖𝑗 = 0 or 1

𝑦min ≤ 𝑦𝑖𝑗 ≤ 𝑦max

0 ≤ 𝑠𝑖𝑗 ≤ 1

𝑥𝑖𝑗 =
tanh 𝛽𝜂 +tanh 𝛽 𝑠𝑖𝑗−𝜂

tanh 𝛽𝜂 +tanh 𝛽 1−𝜂

Multiple 
Lattice 

Configurations

𝐊𝑖
rd(𝑥𝑖𝑗 , 𝑦𝑖𝑗) = σ𝑗=1

𝑀 𝑥𝑖𝑗
𝑝 ς𝑘=1 ≠𝑗

𝑀 1 − 𝑥𝑖𝑘
𝑝

𝐊𝑖𝑗
rd(𝑦𝑖𝑗)

Liu, Xia et al. SMO 2019
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8 × 4 𝑐 = 366.54 16 × 8 𝑐 = 218.47 24 × 12 𝑐 = 181.82

volume fraction 30%

Wu, Xia et al. CMAME 2019

120 × 120
square elements
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8 × 4 𝑐 = 237.62 24 × 12 𝑐 = 166.5216 × 8 𝑐 = 186.39

Wu, Xia et al. CMAME 2019

120 × 120
square elementsvolume fraction 30%
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𝑝 = 1.0 𝑐 = 166.52 𝑝 = 1.5 𝑐 = 171.50 𝑝 = 2.0 𝑐 = 175.22

𝜌(𝑝−1) 𝐊rd 𝜌

Wu, Xia et al. CMAME 2019

120 × 120
square elementsvolume fraction 30%
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Liu, Xia et al. SMO 2019

M1 M2 M3

M6M4 M5

𝑐 = 224.23 𝑐 = 215.92

𝑐 = 183.27 𝑐 = 172.97

M1&M6  2 types M1–M6 6 types
volume fraction 30%
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M1 M2 M3 M4 M5 M6

M1&M6 20.7% \ \ \ \ 79.3%

M1–M6 0.9% 19.4% 18.5% 0.0% 14.8% 46.4%

M1&M6  2 types  
𝑐 = 183.27

M1–M6 6 types
𝑐 = 172.97

Liu, Xia et al. SMO 2019
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some 3D designs

Wu, Xia et al. CMAME 2019
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thermal-elastic designs
volume fraction 20% / 6 lattice types / 0.05 ≤ 𝑦 ≤ 0.95

∆T = 0

∆T = 30 ∆T = 60
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c = 10813

∆T = 60

c = 5897

c = 6021

∆T = 60

∆T = 60

∆T = 0

∆T = 30

∆T = 60

∆T = 60

c = 5850

c = 5956

thermal-elastic designs
volume fraction 20% 0.05 ≤ 𝑦 ≤ 0.95
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An alternative approach to lattice topology optimization

interpolation on substructure stiffness matrix 

A lot can be done within this framework

stress constraints, fracture, thermal, dynamic, 3D printing, ... ...

Thank you for your attention !

Physically interpretable 
for intermediate densities
& fully coupled


